
STRING DIAGRAMS

For a category C, write [X,Y ] or [X,Y ]C for the class of morphisms from X to Y
in C, i.e. the hom-class in C.

In the hom-product adjunction in Set, we have for each set X a counit natural
transformation εX ∶ X × [X,−] → Id where εX,Y ∶ X × [X,Y ] → Y sends (x, f) to f(x).
εX,Y is natural in Y in the sense that the following diagram commutes for each map f :

X × [X,Y ] Y

X × [X,Z] Z

X×[X,f]

εX,Y

f

εX,Z

But what can we say about ‘naturality in X’ here? Instead of the ordinary coherence
relation above, we have this one:

X × [X ′, Y ] X ′
× [X ′, Y ]

X × [X,Y ] Y

f×[X′,Y ]

X×[f,Y ] εX′,Y

εX,Y

f × [X ′, Y ] sends (x, g) to (f(x), g), and X × [f, Y ] sends (x, g) to (x, g ○ f). The
commutativity of the diagram then asserts that εX′,Y (f(x), g) = εX,Y (x, g ○ f), which
comes down to g(f(x)) = g ○ f(x).

This relation hints at a definition of naturality for functors which are contravariant
in at least one variable. Such functors have a contravariant-covariant pair, as in the
functor F ∶ Cop

× C → D. To define ‘extranaturality’, with its corresponding string
diagram calculus, we generalize from the example above:

Definition 1. Let F ∶ A×Bop
×B →D and G ∶ A×Cop

×C →D be two functors. An ex-
tranatural transformation η ∶ F ⋅⋅

→ G is a collection of morphisms εX,Y,Z ∶ F (X,Y,Y )→

G(X,Z,Z) such that, for each f ∶ X → X ′, g ∶ Y → Y ′, and h ∶ Z → Z ′, the following
diagram commutes:

F (X ′, Y ′, Y ′
) F (X ′, Z,Z)

F (X,Y ′, Y ) F (X ′, Z,Z ′
)

F (X,Y,Y ) F (X,Z ′, Z ′
)

εX′,Y ′,Z

F (1,1,h)F (f,1,g)

F (1,g,1)
εX,Y,Z′

F (1,h,f)

1
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As mentioned, there is a graphical calculus which makes understanding this much
easier. This calculus replaces maps in extranatural diagrams with blocks containing
lines (strings). The notation rules are as follows:

(1) For F (f, g, h) ∶ F (X,Y ′, Z)→ F (X ′, Y,Z ′
), we write the block

We omit the labels when they are the identity.
(2) For a component ηX,Y,Y ∶ G(X,Y,Y )→ G(X,Z,Z) of an extranatural transfor-

mation, we write the block

(3) For the composition of morphisms, we stack blocks on top of each other.

Notice how the objects in the original can (and must) be inferred from their graphical
depictions, so long as at least one label occupies each string (sometimes we put no
morphisms on a string, and by this we mean any choice of object is possible). Now
the extranaturality axiom can be depicted as stating that the two blocks below are the
same
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If we compress the above notation, omitting horizontal lines where convenient, we may
write the above as



4 STRING DIAGRAMS

The effect of this axiom is to say that the morphisms can slide along the wires. It is
in fact equivalent to three individual naturality requirements:

These should be read as asserting that the block on the left is the same as the block on
the right for each row. These three individual requirements are instances of the original
one, taking two of the three of f, g, h to be identity maps. To see that these three
individual requirements combine to make the original one, we can read the diagram
below from left to right:
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In the above, we compressed two blocks into one at times to save space. In practice,
one understands that morphisms can slide around on the wire independently of one
another, so that we may skip the steps in the computation above. The upshot is that
morphisms can slide whichever way, so long as they remain bound on the wire.


